
 

MATH 2028 Integrability criteria

GOAL Find necessary sufficient criteria for

a bold function f R E B B to be integrable

Proper Riemann condition

et F R R be a bold function defined on

a rectangle R E R Then f is integrable

over R IF AND ONLY IF U E 0 7 partition

P of R s t U Cf P Cf P L E

proof suppose f is integrable over R

THEN sup Lif P f fav inf Ulf P
PP R

By defI of sup al int V E so 7 partitions P P

ESt ff du L L f P
Z

R
E

ff du t Ulf Pand 2
R

Let P be a common refinement of P and P



By a previous lemma

E
f du z L L f P E L Cf P

M
E

ff du t z Ulf P 3 Ulf P
R

Therefore Ulf P Lif P s Ez Ez E

Suppose U E 20 I partition P of R

s t U f P L Cf P s E Ck

Assume on the contrary that 5 is NIT

integrable over R Then

I E
Supp

L f P s Inf Ulf P Iz
P

Choose E a Iz I 20 then for ANI

partition P of R we have

Ulf P Lcf P

3 inf Ulf P sup L Cf Iz I E
P

which is a contradiction to C

D



The following two propositions provide a way
to generate new integrable functions

Prop Let f g R R be bold integrable

functions over a rectangle R E R THEN

f Ig and tf are integrable over R V d C B

Moreover we have

ft g du f f du I f g du
R R

R

and f af DV X f f du
R R

Prop Let f R R be a bold function on

a rectangle R E IR Suppose R Ri U RIintCR o

for some rectangles Ri R2 E B THEN ninecry

is integrable ftp Ri R F 1.2

on R is integrable on Ri

Moreover Sf IV f du f du
RivRz

Proof Exercises



So far we have not seen many examples of

integrable functions The following proposition
however shows that integrable functions exist

in abundance

Prep Any continuous f R B on a rectangle

R E B is integrable

Proof We want to apply Riemann condition ie

Claim V E so 7 P St Ulf P L f P s E

we shall make use of a fact from analysis

FACT Any continuous function
on a compact set is

uniformly continuous
Hence V E's 0 7 820 s t Cq

HX y s S I fix fly l c E
x y E R

proof of Claim Fix any Eso choose E
E

o
Vol R

and then 820 as above Then we fix a

partition P of R s t V Q E P



diam Q a sup Il x y H L S
X yEQ

By C for any Q E P

Sup f x inf fcx L E

XE Q XCQ VolCR

Thus we have

Ulf P L f P

E sup f x inff x Vol Q
QE P X EQ XEQ

E

o p
Vol Q E

b

It turns out that a bold discontinuous

function can still be integrable as long as the

set of discontinuities is small in some sense



Def'd A subset A E IR is said to have

content zero if V E 0 7 finitely many

rectangles Ri RN S.t

i A E R U 0 RN bDbDbD

T.irN
Cii E voi RN s E Ri

i _i

Prop Let f R IR be bold on a rectangle RER

and A f x C R I f is NIT cts at x

If A has content zero then f is integrable

Proof Again we shall apply Riemann's condition

Let E o be fixed We want to find a partition

P s t Ulf P L f P e E

f bold I M O St Ifa I E M T X E R

A has content zero 7 rectangles Ri Rn S.t

i A E R u u Rn E R

Ii Voi Ri s
E bytaking Rin R

4M otherwise



By enlarging the rectangles Ri slightly if needed
we can assume W LOG that

the boundary
of Ri were R Z Ri N A for I I N

Choose a partition P of R St

each Ri is the union of some rectangles in P

R

E
T p

TypeE

i r

Any rectangle Q E P belongs to exactly one

of the two types

Type I Q E Ri for some i

Type Il Q E the closure of RI Ri

Note that for each Q in Type It

f IQ is a Cts function on Q



hence f is integrable on Q by previous

proposition Therefore I partition IQ of Q
r E

ft Ulf L f PQ's
2 fType 1 Q'EP

Take P as a partition of R which is a

common refinement to AIL 0 above

Then we have

UC f P L f P

I
Qep EEE xEtat

Vol Q

QEQ Type1

Ip Efta IIfat
Vol Q

Q E Q TypeTt

l

f 2M II Vol Ri t E Ulf Pj LcfQ'CP
Type I

2M 41Mt Ez E
D



w s
Therefore we have a sufficient condition for

integrability

Cts on R except f integrable
on a set of content zero on R

Nonetheless this condition is NIT necessary
as shown by the following
Example Thomae's function

The function fi Co I B defined by
0 if x Qc

Iq if IqC Q where5 X

p.ge µ are coprime

is integrable but discontinuous on Q h CO I

To obtain a necessary AID sufficient condition

for integrability we need the notion of a

measure zero subset



Def'd A subset A E IR is said to have

measure zero if V E 0 7 a sequence of
00

rectangles Ri St
D

cis A E Ri

Cii Vol RN s E

The following theorem says precisely when a bad

function F R R is integrable The proof is

rather involved and is left as a challenging

exercise for the interested students

Thm Let f R IR be bold on a rectangle RER

Then we have

Cts on R except f integrable
on a set of measure zero on R


